Abstract. Reformulations of Donaldson's "tamed to compatible" question are obtained in terms of spaces of exact forms on a compact almost complex manifold (M 2n , J). In dimension 4, we show that J admits a compatible symplectic form if and only if J admits tamed symplectic forms with arbitrarily given J-anti-invariant parts. Some observations about the cohomology of J-modified de Rham complexes are also made.
Introduction
Among other interesting problems raised in [2] , Donaldson asked the following question for a compact almost complex 4-manifold (M 4 , J):
. If J is tamed by a symplectic form, is there a symplectic form compatible with J?
An almost complex structure J on a manifold M 2n is tamed by a symplectic form ω (and such an ω is called J-tamed), if ω is J-positive, i.e. ω(X, JX) > 0, ∀X ∈ T M, X = 0.
A symplectic form ω is compatible with J (or J-compatible), if ω is J-positive and J-invariant, i.e. ω(X, JX) > 0 and ω(JY, JZ) = ω(Y, Z), ∀X, Y, Z ∈ T M, X = 0.
From deep works of Taubes and Gromov, Question 1.1 was known to have an affirmative answer on CP 2 . Recently, Taubes [12] showed that the same is true on all compact 4-manifolds with b + = 1, for generic almost complex structures inducing the given orientation. Some extensions of the results of Taubes are obtained in [9] . In particular, it is shown that Question 1.1 is true for all almost complex structures on CP 2 #CP 2 and S 2 × S 2 . The question could be asked for higher dimensions as well. It is known however that in dimensions higher than 4, certain almost complex structures have local obstructions, coming from the structure of their Nijenhuis tensor, to admitting compatible symplectic forms (see e.g. [7] ). Such local obstructions do not exist in dimension 4, or for integrable almost complex structures in any dimension. Question 1.1 was raised for compact complex manifolds of arbitrary dimensions in [8] and [10] . It was answered affirmatively for compact complex surfaces in [8] (see also [4] for a different proof). Some positive results are known for higher dimensions (see e.g. [5] , [11] ), but the problem is still open in this case. Note that Theorem 1.4 of [11] implies that any non-Kähler Moishezon manifold is also non-tamed. Even for complex surfaces, there is interest in finding another proof for Question 1.1. The existing proofs use the celebrated result that a compact complex surface admits a Kähler metric if and only if the first Betti number is even. As Donaldson pointed out, a direct solution for the question would yield a different proof of this fundamental result.
In this note we describe some reformulations of Question 1.1 in terms of certain spaces of exact forms on an almost complex manifold (M 2n , J). As application, we prove a result which can be thought as a further partial answer to Donaldson's question in dimension 4. 
Proof. Let g be a Riemannian metric compatible with J and let ω denote the fundamental form of (g, J). It is well known that
where Ω ± g denote the spaces of g-self-dual (resp. anti-self-dual) 2-forms. The relation dΩ 2 = dΩ + J is then an immediate consequence of:
Proof of Lemma 2.2. By Hodge decomposition, any 2-form α is written as α = α h + dα 1 + * dα 2 , where the terms are respectively the harmonic, the exact and the co-exact parts of α. A form α (resp. β) in Ω + g (resp. Ω − g ) further satisfies d(α 2 − α 1 ) = 0 (resp. d(β 2 + β 1 ) = 0). Now, if we are given α ∈ Ω + g , then dα = d * dα 2 . Take β = −dα 1 + * dα 2 . By the observations above it is clear that β ∈ Ω − g and dβ = dα. Thus, we have shown dΩ + g ⊂ dΩ − g . The inclusion dΩ − g ⊂ dΩ + g is similar to prove. The last equality in (4) follows now from Ω 2 = Ω + g ⊕ Ω − g . ✷ To finish the proof of the proposition it remains to verify the claim about the dimension of the quotient (dΩ 2 )/(dΩ descends to an isomorphism between the quotient spaces C ∞ (M )/T g and (dΩ + g )/(dΩ − J ). It follows that the inclusion dΩ − J ⊂ dΩ + g is strict and that the quotient is infinite dimensional. Remark 2.3. Note that Proposition 2.1 can be rephrased in terms of currents. A consequence is that each homology class in H J + has infinitely many J-invariant closed representatives, while each class in H J − has a unique J-anti-invariant representative. Here H J ± ⊂ H 2 (M ; R) are the J-(anti)-invariant homology groups defined by currents (see [8, 3] ).
This should be compared with the fact that each cohomology class in H − J , in dimension 4, has a unique (necessarily harmonic) J-anti-invariant representative.
Remark 2.4. Proposition 2.1 is no longer true in dimension higher than 4. Indeed, if J is any complex structure on a compact manifold of dimension 6 or higher, dΩ Remark 2.6. All statements of Proposition 2.5 are still true in higher dimensions, except those about the cohomology at the Ω 3 -level which use Proposition 2.1. Note also that for a compact 4-manifold Ker(d
